[1] The vibrational properties of Mg 2 SiO 4 wadsleyite have been calculated over a wide pressure range using density functional perturbation theory (DFPT). Both the normal mode frequencies and their volume dependences are consistent with the available Raman and infrared data. We provide detailed information about vibrational properties that are still not experimentally available. The vibrational density of states (vDOS) is used to calculate the Helmholtz free energy within the quasi-harmonic approximation (QHA) and other thermodynamic quantities without further approximations. The extensive and successful comparisons with experiments demonstrate once more that the QHA combined with first principles vDOSs can provide accurate thermodynamic properties of minerals over the large pressure-temperature regime relevant for the Earth.
Introduction
[2] Minerals with composition (Mg,Fe) 2 SiO 4 are the most abundant ones in Earth's upper mantle and transition zone. There are three polymorphs with this composition: olivine (a), wadsleyite (b), and ringwoodite (g), the latter being a spinel phase. These phases are stable at different depths, with a, b, and g' stability pressure fields increasing with pressure in this order. The seismic discontinues near 410, 520 and 660 km depths in the mantle have been attributed to the a-b and b-g transformations, and to the dissociation of (Mg,Fe) 2 SiO 4 into perovskite (Mg,Fe)SiO 3 and ferropericlase (Mg,Fe)O, respectively [Ringwood, 1975] . The b and g phases are also likely to play important roles in the global hydrogen cycle [Smyth, 1987; Kohlstedt et al., 1996] . Theoretical and experimental investigations have shown that wadsleyite can incorporate up to 3.3 wt % H 2 O in its crystal structure [Smyth, 1987 [Smyth, , 1994 Inoue et al., 1995; Kudoh et al., 1996] , suggesting that the the transition zone may be a major water reservoir in the Earth's interior. Which site H occupies and how the presence of water influences phase relations and physical properties is a topic of active current research [Jacobsen et al., 2005; Kohn et al., 2002; Ohtani and Litasov, 2006] . Knowledge of the physical properties of these polymorphs is very important to clarify the nature and properties of Earth's mantle, particularly the transition zone.
[3] In succession to the recent density functional study of the vibrational and thermodynamic properties of forsterite (a) [Li et al., 2007] and ringwoodite (g) [Yu and Wentzcovitch, 2006] phases, we focus our attention on wadsleyite (b). The vibrational properties of the b phase have been studied extensively by Raman and infrared spectroscopy [Akaogi et al., 1984; Williams et al., 1986; Reynard et al., 1996; Mernagh and Liu, 1996; Kleppe et al., 2001; Cynn and Hofmeister, 1994; Chopelas, 1991] . These vibrational modes have been used in the past to investigate a number of macroscopic properties such as the specific heat, entropy, and phases relations [Akaogi et al., 1984; Chopelas et al., 1994; Reynard et al., 1996] . However, knowledge of vibrational and thermodynamic properties of wadsleyite is still very limited. Only some of the Raman and infrared modes have been observed. The detailed vibrational density of state that is necessary to calculate accurately thermodynamic properties is still unavailable, particularly at transition zone pressures. Unambiguous symmetry assignments are still absent for observed modes.
[4] Few theoretical studies have been carried out on the properties of wadsleyite at simultaneous high temperatures and pressures. The structure and elasticity of wadsleyite have been investigated by Matsui [1999] using molecular dynamic simulation and by Kiefer et al. [2001] by first principles methods. However, up to now, there has been no first principle theoretical work on lattice dynamics and thermodynamic properties of wadsleyite. Here we report phonon calculations of wadsleyite over the range of pressures relevant for the transition zone, using density functional perturbation theory (DFPT) [Baroni et al., 2001] . Phonon dispersion, Raman and infrared mode frequencies, and thermodynamic quantities such as thermal expansivity, heat capacity, and entropy are derived from these calculations and compared with experiments.
Method
[5] The techniques and the details of calculation used here are similar to those used in previous work [Wentzcovitch et al., 2004] . Computations were performed using the local density approximation (LDA) [Perdew and Zunger, 1981] . The pseudopotential for magnesium was generate by the method of von Barth and Car [Karki et al., 1999] , while those for oxygen and silicon were generated by the method of Troullier and Martins [1991] . The plane wave cutoff energy is 70 Ry. Brillouin zone summations over electronic states were performed over 4 special k points. Structural optimizations were achieved using damped variable cell shape molecular dynamics [Wentzcovitch, 1993] . For each fully optimized structure, dynamical matrices were computed on 2 Â 2 Â 2 q mesh using density functional perturbation theory (DFPT) [Baroni et al., 2001] and then interpolated in a regular 9 Â 9 Â 9 q mesh to obtain the vibrational density of state.
Vibrational Properties
[6] Wadsleyite has orthorhombic structure with space group Immm. It has 4 formula units (28 atoms) per primitive cell. The 84 normal modes at the Brillouin zone center include 3 acoustic modes and 81 optical modes, which may be divided by symmetry as
where R and IR denote Raman and infrared active modes, respectively. There are 35 infrared active and 39 Raman active modes.
[7] Raman and infrared mode frequencies are listed in Tables 1 and 2 , respectively. In general, mode symmetries are useful for comparisons between calculated and experimental mode frequencies. However, modes' symmetries are still unknown for most observed modes of wadsleyite. Excellent agreement between first principles predictions and experimental observations of mode frequencies has been shown in many investigations [Baroni et al., 2001; Karki et al., 1999; Karki and Wentzcovitch, 2003; Yu and Wentzcovitch, 2006, Li et al., 2007] . Therefore our assign- ment of symmetries to the experimentally observed modes was made by comparing those frequencies to the calculated ones and should be accurate in the majority of cases. The assignments are listed in Tables 1 and 2 . As shown below, the assignments are also supported by comparing the volume dependence of the mode frequencies (mode Grü-neisen parameter). Our calculated frequencies agree well with the experimental observations [Akaogi et al., 1984; McMillan and Akaogi, 1987; Williams et al., 1986; Reynard et al., 1996; Cynn and Hofmeister, 1994; Chopelas, 1991] . The Raman results between 200 and 1000 cm À1 are very consistent with Chopelas' [1991] measurements. The relative difference in frequencies for most Raman modes is less than 2%. Only 4 mode frequencies differ more than 3%, where the largest difference is $5% for the mode with frequency 890 cm À1 (the experimental result is 845 cm À1 ). Similar agreement between measured and calculated frequencies can also be found for infrared modes [Akaogi et al., 1984; Williams et al., 1986; Cynn and Hofmeister, 1994] . The assignments are also supported by the simultaneous agreement between mode Grüneisen parameters g i = Àdlnn i /dlnV [Williams et al., 1986; Cynn and Hofmeister, 1994; Chopelas, 1991] . The g i of the infrared mode with frequency 251.9 cm À1 is particular small compared to those of all other 80 optical modes. Interestingly, Cynn and Hofmeister [1994] also observed an infrared mode frequency nearly volume-independent at 260 cm À1 .
[8] There are two kinds of polyhedra in Mg 2 SiO 4 , SiO 4 tetrahedra and MgO 6 octahedra. In the b phase, SiO 4 tetrahedra are linked in pairs by a corner to form a Si 2 O 7 unit; g i of the modes with n i > 700 cm
À1
, are significantly smaller than g i s of the majority of modes with lower frequencies. These modes consist mainly of vibrations of the Si 2 O 7 unit keeping magnesium nearly stationary. This is indicated in Table 3 where the amplitude of atomic displacements involved in all vibrational modes is given. The smaller g i s of these modes indicate that the Si 2 O 7 unit is relatively incompressible compared to the MgO 6 unit. This has already been pointed out by experiments [Hazen et al., 2000] and by previous first principles calculations [Kiefer et al., 2001] . It has also been found in olivine [Hazen, 1976] . The Si 2 O 7 unit can be regarded as two SiO 3 groups connected by a Si-O-Si bridge. We finish the assignments of high-frequency modes by specifying the motion of the SiO 3 group and of the Si-O-Si bridge, respectively, in Table 3 . Besides the O-Si bond stretching and Si-O-Si bridge bending, we also found Si-O-Si bridge libration in some modes. Vibrations of the SiO 3 terminal group include stretching and bending. The asymmetric stretches generally have higher frequencies than their symmetric counterparts (see Table 3 ). Figure 1 shows the atomic displacements for the Si 2 O 7 groups involved in these high-energy vibrations. For clarity, displacements have been enlarged uniformly about 4 times. For simplicity only one of the two Si 2 O 7 The difference between them is mainly the even or odd nature of the displacements of one group with respect to the other one.
[9] For the IR mode at 938 cm À1 , there are some disagreements in symmetry assignments. Williams et al. [1986] assign this mode to a SiO 3 asymmetric stretch. In contrast, Mernagh and Liu [1996] attribute this frequency to a Si 2 O 7 asymmetric stretch mode. Our results indicate that this vibration is a combination of SiO 3 asymmetric stretch and Si-O-Si bridge libration. Another IR mode at 810 cm À1 has been assigned to a SiO 3 symmetric stretch. This is consistent with our results, which indicate that both Si-O-Si asymmetric stretch and SiO 3 symmetric stretch are present in this mode.
[10] McMillan and Akaogi [1987] suggested that the 723 and 918 cm À1 modes should have A g symmetry by noticing that these strong peaks are very similar to the major peaks of pyrosilicate akermanite at 661 and 904 cm
. The modes at 723 and 918 cm À1 were also described as a symmetric stretching vibration of the Si-O-Si bridge and of the terminal-SiO 3 group, respectively. Their conjecture is supported by our calculation. The modes nearest to the above frequencies, 711 and 910 cm À1 , have A g symmetry. Both modes include a symmetric stretch vibration of Si-O-Si bridge and of the terminal-SiO 3 group. In addition, the mode at 711 cm À1 has a large bending vibration component of the terminal-SiO 3 group as shown in Figure 1 . The Raman mode at 813 cm À1 has been assigned to a SiO 3 symmetric stretch [Mernagh and Liu, 1996] , which is also consistent with our results.
[11] By analogy with the bands below about 400 cm À1 in olivine, the low-frequency modes of wadsleyite had been assigned by Williams et al. [1986] and Mernagh and Liu [1996] to vibrations involving predominantly Mg rather than Si displacements. However, our results indicate that most of the low-frequency modes involve both Si and Mg displacements (Table 3) . These modes involve complex vibrations of both Si 2 O 7 and MgO 6 units. By analogy with olivine the Raman modes at 231 and 443 cm À1 and IR modes at 381 cm À1 had been assigned in experiments to normal modes involving predominantly MgO 6 displacements. However, they actually are vibrations involving both Si 2 O 7 and MgO 6 motions. Therefore our results indicate that analogies between normal mode displacements should not be made on the basis of similarities of phonon frequencies in different structures such as olivine and wadsleyite.
[12] Phonon dispersions at zero and 15 GPa are shown in Figure 2 . A previous DFT calculation [ Yu and Wenztcovitch, 2006] in ringwoodite has shown a phonon gap between 600 and 800 cm À1 . For the wadsleyite structure, in this same frequency range, we found a gap plus two sharp peaks located within this gap. The gap differentiates the highfrequency modes involving only vibrations of the Si 2 O 7 group, as shown in Figure 1 , and other modes involving significant vibration of MgO 6 octahedra. According to the phonon density of states, the band gap is about 141 cm À1 at 
Thermodynamics Properties
[13] The Helmholtz free energy in the quasi-harmonic approximation (QHA) is given by
where the first, second, and third terms are the static internal, zero point, and vibrational energy contributions, respectively. The converged summation is performed on a 9 Â 9 Â 9 regular q mesh in the first Brillouin zone.
[14] The calculated Helmholtz free energies versus volume were fitted by isothermal third-order finite strain equations of state. The resulting pressure-volume relations are described by a third-order Birch-Murnaghan equation of states (EOS). The temperature dependence of the three EOS parameters are fitted to a polynomial and listed in Table 4 . Equations of states at various temperatures are shown in Figure 3 . The volumes given by LDA static calculations are smaller than the experimental values at room temperature. Zero point motion and room temperature effects increase V 0 by 1.3% and decrease K T0 by 5.2% from their LDA static values. The 300 K isotherm is in excellent agreement with the experimental data by Hazen et al. [2000] and is also very consistent with the data by Fei et al. [1992] on 16% Fe wadsleyite if the effect of iron is taken into account (volume increase by 1%). The three lattice constants at room temperature were determined using the statically constrained quasi-harmonic approximation [Carrier et al., 2007] . According to this approximation, crystal structure and phonon frequencies depend on volume alone. Their dependence on pressure and temperature is indirect through volumetric effects only. It can be seen that the lattice parameters decrease uniformly with increasing pressure and agree fairly well with experimental observations [Hazen et al., 2000] (Figure 4) . The calculated thermodynamic parameters at ambient conditions are shown in Table 5 and are in good agreement with the experimental data. Similarly, our result at 1000 K of V 0 = 552.9 Å 3 compares very well with the experimental data of 549.6 Å 3 [Suzuki et al., 1980] .
[15] As shown in Figure 5 , the thermal expansivity a = (1/V) (@V/@T) P is in good agreement with the experimental value [Watanabe, 1982] at low temperatures; a from experimental observations shows the linear temperature dependence at high temperatures. In contrast, a from QHA calculations deviates from this linear behavior at a certain temperature and increases relatively quickly compared to the experimental data. This type of deviation is typical of the QHA [Karki et al., 1999] and points to an upper temperature limit of validity of this approximation [Wentzcovitch et al., 2004] . This limit can be defined by the position of the inflection point in a, and in Figure 5 this point separates full and dashed lines; a decreases quickly with pressure. The effect of temperature on a becomes less and less pronounced and the linear temperature behavior extends to very high temperatures at high pressures. Therefore the upper temperature limit of validity of the QHA increases rapidly with pressure. [16] The thermal Grü neisen parameter is shown in Figure 6 . This parameter is useful in calculating the thermal pressure and can be expressed as g th = a K T V/C V , where K T and C V are isothermal bulk modulus and heat capacity at constant volume, respectively. We find that the low-temperature dependence of g th at low pressure is completely different from that at high pressure. At zero pressure, g th shows a nonmonotonic behavior. It has a peak at T = 160 K, decreases with temperature up to T = 600 K, and then increases with temperature. A similar decrease has been observed experimentally [Watanabe, 1982] . Our calculated mean value of g th = 1.26 in the temperature range between 350 K and 700 K compares well with Watanabe's [1982] result, 1.29 ± 0.02. At 10 GPa and higher pressures, g th increases monotonically with temperature and tends to nearly a constant with a very small linear T dependence at high temperatures; g th decreases with increasing pressure Figure 3 . PVT relations in wadsleyite. Dashed lines correspond to the conditions where the validity of QHA is questionable [Wentzcovitch et al., 2004] (see text). Hazen (2000) is Hazen et al. [2000 ], Fei (1992 is Fei et al. [1992] , Horiuchi (1981) is Horiuchi and Sawamoto [1981] , Jeanloz (1983) is Jeanloz and Thompson [1983] , Suzuki (1980) is Suzuki et al. [1980] . Figure 4 . Pressure dependence of the lattice constant of wadsleyite at room temperature. Our results at room temperature were obtained using the statically constrained QHA [Carrier et al., 2007] . Hazen (1990) is Hazen et al. [1990] , and Hazen (2000) is Hazen et al. [2000] . Hazen et al. [1990] .
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[17] The heat capacity at constant pressure, C P , and volume, C V , are related by C P = (1 + ag th T)C V . At zero pressure, C P is consistent with the experimental observation [Ashida et al., 1987] at low temperatures but begins to deviate from experimental values beyond 500 K (Figure 7) . The calculated C V is closer to Chopelas' [1991] experimental data and a little larger than C V from lattice dynamic calculations using interatomic potentials [Price et al., 1987] at high temperatures. As shown in Figure 8 , the calculated entropy is also in good agreement with experimental estimates at zero pressure [Chopelas, 1991; Akaogi et al., 1984] and lattice dynamic calculations using interatomic potentials [Price et al., 1987] . Unlike a and C P , which vary linearly with temperature at high pressures, the temperature dependence of the entropy is almost pressure-insensitive.
[18] Figure 9 shows the temperature dependence of the adiabatic bulk modulus (K S ) at various pressures. The temperature dependence of K S is small at low temperatures but becomes linearly dependent with temperature above about 1500 K. For example, (@K S /@T) P at 0 GPa changes from À0.0152 GPa K À1 at 300 K to À0.019 GPa K À1 at 1000 K. (@K S /@T) P is also quite sensitive to pressure. For example, at room temperature, (@K S /@T) P changes from À0.0152 GPa K À1 at 0 GPa to À0.0114 GPa K À1 at 20 GPa, a change of $25%. This indicates that one should be careful and not extrapolate measurements of (@K S /@T) P obtained at ambient conditions to transition zone pressures and temperatures.
[19] Our calculated zero pressure value of (@K S /@ T ) P À0.0152 GPa K
À1
, agrees well with the experimental value of À0.016 GPa K À1 for (Mg 0.91 Fe 0.09 ) 2 SiO 4 determined by Katsura et al. [2001] . However, these values are somewhat different from À0.012 GPa K À1 , the value determined for the end-member Mg 2 SiO 4 by Li et al. [1998] at high pressures. The pressure dependence of (@K S /@ T ) P should contribute at least in part to this discrepancy. The larger value (smaller in magnitude) of (@K S /@ T ) P by Li et al. [1998] is consistent with the pressure effect on (@K S /@ T ) P . Our calculated (@K S /@ T ) P should be reliable since our method was shown to reproduce (@K S /@ T ) P very well for Figure 3 . Akaogi (1984) is Akaogi et al. [1984] , and Price (1987) [Yu and Wentzcovitch, 2006; Li et al., 2007] . Besides, the consistence between our result and Katsura et al. 's [2001] results suggest that iron has little effect on (@K S /@T) P . This conclusion is also consistent with the experimental observation that there are no significant differences in the temperature derivative of the bulk modulus of iron-bearing olivine and of the end-member forsterite [Isaak, 1992] . However, iron content will inevitably affect the bulk modulus. For example, the bulk modulus of iron-bearing wadsleyite by Katsura et al. [2001] is slightly lower than those obtained by most experiments on the end-member wadsleyite [Li et al., 1996; Zha et al., 1997; Sawamoto et al., 1984] . Therefore iron concentration should still affect a little (@K S /@T) P .
[20] The transition zone is believed to have considerable amounts of water besides iron. Wadsleyite can incorporate up to 3.3 wt % H 2 0 in its structure. In contrast to the incorporation of iron, the incorporation of hydrogen in wadsleyite produces vacancies and hence always weakens its strength. The adiabatic bulk modulus of wadsleyite decreases about 15 GPa after incorporating 2.5 wt % H [Zha et al., 1997; Yusa and Inoue, 1997] , far more than the effect of iron on the bulk modulus. Besides, vacancies concentration usually changes with temperature. This complicates the effect of hydrogen on Ks and (@K S /@T) P .
Conclusion
[21] The vibrational and thermodynamic properties of wadsleyite have been investigated using density functional perturbation theory to obtain vibrational density of states and the quasi-harmonic approximation to compute free energies. Both the frequencies and their dependence on pressure are in good agreement with those observed by Raman and infrared measurements. Our calculations provide several vibrational properties such as mode symmetries and atomic displacement patterns, which are still unknown for most modes. The highest 15 modes consist mainly of vibrations of the Si 2 O 7 unit keeping magnesium nearly stationary. These modes have smaller Grüneisen parameters than the lower-frequency modes involving the vibration of MgO 6 octahedra. This is consistent with experimental results and indicates that the Si 2 O 7 group is less compressive than the MgO 6 group. Thermodynamic quantities of interest have been derived and are in good agreement with various sets of the experimental data. Our calculations provide excellent thermodynamic properties of this important mineral over the large pressure-temperature regime relevant for the Earth. The contributions of zero motion and 300 K to elastic properties are significant ($5.2% in the bulk modulus); therefore one should be careful in comparing athermal (static) results with experimental data at ambient conditions. [Sawamoto et al., 1984] , crosses [Li et al., 1996] , open triangles [Katsura et al., 2001] , and solid squares [Gwanmesia et al., 1990] , respectively.
